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Operational characterization of incompatibility of quantum channels
with quantum state discrimination
Junki Mori∗
Department of Nuclear Engineering, Kyoto University, 6158540 Kyoto, Japan
A collection of quantum channels is called incompatible if they cannot be obtained as marginals
from a single channel. No-cloning theorem is the most prominent instance of incompatibility of
quantum channels. We show that every collection of incompatible channels can be more useful
than compatible ones as preprocessings in a state discrimination task with multiple ensembles of
states. This is done by showing that the robustness of channel incompatibility which is a measure for
incompatibility of channels exactly quantifies the maximum advantage in the state discrimination.
We also show that incompatibility of quantum measurement and channel has a similar operational
interpretation. Finally, we demonstrate that our result with respect to channel incompatibility
includes all other kinds of incompatibility as special cases.
I. INTRODUCTION
Incompatibility is one of the fundamental features in
quantum theory [1]. It is well known that there exist
quantum measurements which cannot be implemented si-
multaneously, and such measurements are called incom-
patible. As only incompatible measurements can lead
to the violation of a Bell’s inequality [2], incompatibility
of measurements is not an obstacle but rather an ad-
vantage. Therefore, it is natural to consider incompat-
ibility in the resource theoretic perspective [3]. In fact,
as with the robustness of entanglement, which is one of
the measures for entanglement [4, 5] , the robustness of
measurement incompatibility has been studied [6–9]. In
particular, Ref. [8–10] showed that every collection of in-
compatible measurements can give an advantage over all
compatible ones in a quantum state discrimination task
with multiple ensembles of states, and it was also shown
that the maximum advantage is exactly quantified by
the robustness of measurement incompatibility. These
results are among the recent results in the resource theo-
ries of states [11–16], measurements [16–18], and channels
[16], which showed the robustness measures have an op-
erational meaning as advantages in some discrimination
tasks.
Incompatibility can be defined not only for measure-
ments but also for channels [1, 19]. A collection of chan-
nels is said to be incompatible if they cannot be obtained
from a single channel. For example, No-cloning theorem
results from the incompatibility of the two identity chan-
nels. The robustness of channel incompatibility can also
be defined [6]. In this paper, we show that the robust-
ness of channel incompatibility quantifies the maximum
advantage that incompatible channels provide as prepro-
cessings in a state discrimination task. Our result gives
an operational interpretation to incompatibility of quan-
tum channels as well as incompatibility of quantum mea-
surements in terms of state discrimination tasks. More-
over, our result can be applied to measurement incompat-
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ibility via quantum-to-classical channels. We also show
that a similar relation holds for incompatibility of quan-
tum measurement and channel.
This paper is organized as follows. In Sec.II, we review
briefly quantum incompatibility and introduce the state
discrimination task with multiple ensembles of states
originally introduced in Ref.[20]. We state our main the-
orems in Sec.III. In Sec.IV, we give a summary.
II. PRELIMINARIES
A. quantum incompatibility
In this section, we introduce the concept of incompati-
bility of quantum measurements, quantum channels, and
a pair of a quantum measurement and a quantum chan-
nel.
Let H and K be finite-dimensional Hilbert spaces. A
measurement on a physical system H with a finite out-
come set Ω = {1, . . . , o} is described as a positive opera-
tor valued measure (POVM) M = {Mi}
o
i=1, where each
element Mi is a positive-semidefinite operator on H sat-
isfying
∑
iMi = 1l. We denote the set of POVMs on H
with an outcome set Ω by P(Ω,H). A collection of n
measurements {Mx}x = {Mi|x}i,x is said to be compat-
ible if there exist a joint measurement G = {Gλ} and
conditional probability distributions p(i|x, λ) such that
Mi|x =
∑
λ
p(i|x, λ)Gλ ∀ i, x. (1)
Otherwise, the collection is called incompatible. We de-
note the set of collections of n POVMs which are elements
of P(Ω,H) by Pn(Ω,H), and the subset of compatible
ones by Pncom(Ω,H).
A quantum channel which transforms a state onH into
a state onK is a completely positive trace-preserving map
Λ: S(H)→ S(K), where S(H) (respectively S(K)) is the
set of states on H (respectively K). We denote the set of
channels Λ: S(H)→ S(K) by C(H,K). A collection of n
channels {Λx}x (Λx ∈ C(H,Kx)) is said to be compatible
2if there exists a channel Λ ∈ C(H,K1 ⊗ · · · ⊗ Kn) such
that
Λx = TrKx [Λ( · )] ∀ x, (2)
where TrKx means taking the partial trace except for the
Hilbert space Kx. Otherwise, the collection is called in-
compatible. Throughout the paper we restrict ourselves
to collections of channels that have the same output space
for simplicity. We denote the set of collections of n chan-
nels which are elements of C(H,K) by Cn(H,K), and the
subset of compatible ones by Cncom(H,K).
Finally, we introduce the concept of incompatibility
of quantum measurement and channel. A measurement
process is mathematically described by an instrument
I = {Ii}i∈Ω, where each Ii is a completely positive trace-
non-increasing map and
∑
i Ii is a channel. The proba-
bility of getting the outcome i given the initial state ρ is
pρ(i) = Tr[Ii(ρ)] and the conditioned state is Ii(ρ)/pρ(i).
We denote the set of instruments that have the outcome
set Ω and transform a state on H into a state on K
by I(Ω,H,K). A pair of a measurement and a chan-
nel {M,Λ} ∈ P(Ω,H) × C(H,K) is compatible if there
exists an instrument I ∈ I(Ω,H,K) such that
Mi = I
∗
i (1l), Λ(ρ) =
∑
i
Ii(ρ) ∀ i, ρ, (3)
where I∗i is the Heisenberg picture of Ii. Otherwise, the
pair is called incompatible.
B. state discrimination
In this paper, we consider the following two-party state
discrimination task as in Ref. [8–10], originally intro-
duced in [20]. Bob can prepare n defferent ensembles
{Ex}x labeled by x, where each ensemble consists of o
quantum states Ex = {p(i|x), ρi|x}
o
i=1. First, Bob chooses
a label x with probability p(x). According to the label
x, Bob picks one of the states ρi|x from the ensemble Ex
with probability p(i|x) and sends Alice his choice x and
the state ρi|x. After receiving the state and the value of
x, Alice aims at correctly guessing i.
In the case where Alice has access to only a fixed collec-
tion of measurements {Mx}x ∈ P
n(Ω,H), she performs
a measurement Mx after receiving the value of x. In
this setting, the average probability that she successfully
obtains the correct guess is given by
Psucc(A , {Mx}) =
∑
x,i
p(x)p(i|x)Tr[ρi|xMi|x], (4)
where A = {p(x), Ex}. Ref. [8, 9] showed that the maxi-
mum advantage of {Mx} over compatible measurements
is quantified as
max
A
Psucc(A , {Mx})
max
{Nx}∈Pncom(Ω,H)
Psucc(A , {Nx})
= 1 +RM ({Mx}),
(5)
where RM ({Mx}) is the robustness of measurement in-
compatibility, which is a geometric quantifier for in-
compatibility of measurements defined as the minimum
amount of noise which has to be added to {Mx} to make
them compatible. It is formally defined as
RM ({Mx}) =min s
s.t.
{
Mx + sM
′
x
1 + s
}
∈ Pncom(Ω,H),
{M′x} ∈ P
n(Ω,H), (6)
where the minimization is over s ≥ 0 and {M′x}.
III. MAIN RESULTS
A. robustness of channel incompatibility
In this section, we prove that a similar relation to
Eq.(5) holds for channels by using conic programming
as with Ref. [9, 16]. In particular, we utilize the method
of Ref. [16] with respect to the resource theory of a single
channel.
For any collection of channels {Λx} ∈ C
n(H,K), the
robustness of channel incompatibility RC({Λx}) is de-
fined in the same way as the robustness of measurement
incompatibility, that is,
RC({Λx}) =min s
s.t.
{
Λx + sΛ
′
x
1 + s
}
∈ Cncom(H,K),
{Λ′x} ∈ C
n(H,K), (7)
where the minimization is over s ≥ 0 and {Λ′x}. In or-
der to make the robustness conected to the state dis-
crimination, we consider the dual problem equivalent to
the optimization problem Eq.(7). For that purpose, we
utilize the Choi-Jamiolkowski isomorphism. C(H,K) is
isomorphic to a subset J (K ⊗ H) ⊂ S(K ⊗ H) with its
elements satisfying TrK[J ] = 1lH/d, where d is the dimen-
sion of H. This isomorphism is defined by the mapping
Λ 7→ JΛ = (Λ ⊗ id)(|Ψ+〉〈Ψ+|), where |Ψ+〉 ∈ H ⊗ H is
the maximally entangled state and id denotes the iden-
tity channel. Let J n(K ⊗ H) be the set of collections
of n Choi matrices and J ncom(K ⊗ H) be the subset of
J n(K ⊗ H) with its elements corresponding to collec-
tions of channels in Cncom(H,K). Then, the robustness is
rewritten as
RC({Λx}) =min s
s.t.
{
JΛx + sJΛ′x
1 + s
}
∈ J ncom(K ⊗H)
{JΛ′x} ∈ J
n(K ⊗H). (8)
Since Cncom(H,K) is convex and compact, J
n
com(K⊗H)
is also convex and compact by the continuity of the map-
ping Λ 7→ JΛ. The compactness of C
n
com(H,K) follows
3from the compactness of C(H,K⊗ · · · ⊗ K) and the con-
tinuity of the mapping C(H,K⊗ · · · ⊗ K) ∋ Λ 7→ {Λx} ∈
Cn(H,K), where {Λx} are defined via Eq.(2). Hence, we
can use the duality theory of optimization problems [21],
and obtain an equivalent formulation of the robustness.
We present the proof in the Appendix.
Lemma 1. For any collection of channels {Λx} ∈
Cn(H,K), the robustness of channel incompatibility
RC({Λx}) can be expressed as follows:
RC({Λx}) =max
{Ax}
∑
x
Tr[AxJΛx ]− 1
s.t. Ax ≥ 0 ∀x,∑
x
Tr[AxJΦx ] ≤ 1 ∀{Φx} ∈ C
n
com(H,K),
(9)
where {Ax} are operators on K ⊗H.
We consider the state discrimination that Alice has
access to channels {Λx} as well as measurements {Mx}.
After receiving the state and the value of x, Alice per-
forms the preprocessing of the state Λx and subsequently
the measurement Mx. The average success probability is
then given by
Psucc(A , {Mx}, {Λx}) =
∑
x,i
p(x)p(i|x)Tr[Λx(ρi|x)Mi|x].
(10)
Here, however, we consider the problem of discriminat-
ing ensembles of quantum states on the extended Hilbert
space H⊗H by an application of the channels {Λx⊗ id}.
Then, the average success probability is given by
Psucc(A , {Mx}, {Λx ⊗ id})
=
∑
x,i
p(x)p(i|x)Tr[(Λx ⊗ id)(ρi|x)Mi|x], (11)
where ρi|x ∈ S(H ⊗H) and {Mx} ∈ P
n(Ω,K ⊗H).
We are ready to state and prove our main theorem.
Theorem 1. For any collection of channels {Λx} ∈
Cn(H,K), the robustness of channel incompatibility
RC({Λx}) quantifies the maximum advantage:
max
A ,{Mx}
Psucc(A , {Mx}, {Λx ⊗ id})
max
{Φx}∈Cncom(H,K)
Psucc(A , {Mx}, {Φx ⊗ id})
= 1 +RC({Λx}), (12)
where the maximization is over all ensembles of states A
and all collections of measurements {Mx}.
Proof. We write simply Cncom(H,K) as C
n
com . By the
definition of the robustness, there exists {Φ′x} ∈ C
n
com
such that
(Λx ⊗ id)(ρ) ≤ (1 +RC({Λx}))(Φ
′
x ⊗ id)(ρ) (13)
for all x and ρ ∈ S(H⊗H). Therefore, we have
Psucc(A , {Mx}, {Λx ⊗ id})
=
∑
x,i
p(x)p(i|x)Tr[(Λx ⊗ id)(ρi|x)Mi|x]
≤ (1 +RC({Λx}))
∑
x,i
p(x)p(i|x)Tr[(Φ′x ⊗ id)(ρi|x)Mi|x]
≤ (1 +RC({Λx})) max
{Φx}∈Cncom
Psucc(A , {Mx}, {Φx ⊗ id}).
(14)
In order to prove the converse, we choose the mea-
surements Mx =
{
Ax
‖Ax‖
, 1l− Ax‖Ax‖
}
, where {Ax} is an
optimal solution in Eq.(9), and the ensembles Ex =
{p(i|x), ρi|x}
2
i=1 with probability p(x) =
‖Ax‖∑
y ‖Ay‖
, where
p(1|x) = 1, ρ1|x = |Ψ+〉〈Ψ+|, p(2|x) = 0 and ρ2|x is
arbitrary for all x. For this choice, it holds that
Psucc(A , {Mx}, {Λx ⊗ id})
max
{Φx}∈Cncom
Psucc(A , {Mx}, {Φx ⊗ id})
=
∑
x
‖Ax‖∑
y
‖Ay‖
Tr
[
(Λx ⊗ id)(|Ψ+〉〈Ψ+|)
Ax
‖Ax‖
]
max
{Φx}∈Cncom
∑
x
‖Ax‖∑
y
‖Ay‖
Tr
[
(Φx ⊗ id)(|Ψ+〉〈Ψ+|)
Ax
‖Ax‖
]
=
∑
xTr[AxJΛx ]
max
{Φx}∈Cncom
∑
xTr[AxJΦx ]
≥ 1 +RC({Λx}), (15)
where the inequality follows from Lemma1.
From the above theorem, we can see that a collection
of channels is incompatible if and only if it offers an ad-
vantage over all compatible channels as preprocessings in
a state discrimination task given certain ensembles and
measurements. Furthermore, the maximum advantage in
the state discrimination task becomes a measure quanti-
fying how incompatible the collection of channels is. As
we show later, this theorem includes incompatibility of
measurements as a special case.
B. robustness of measurement and channel
incompatibility
In what follows, we write P(Ω,H) and C(H,K) as P
and C, respectively for simplicity. For any pair of a mea-
surement and a channel {M,Λ} ∈ P×C, the robustness of
measurement and channel incompatibility RMC({M,Λ})
is defined as
RMC({M,Λ}) =min s
s.t.
{
M+ sM′
1 + s
,
Λ + sΛ′
1 + s
}
∈ (P× C)com,
{M′,Λ′} ∈ P× C, (16)
4where the minimization is over s ≥ 0 and {M′,Λ′}, and
(P×C)com denotes the set of compatible pairs. Since I is
compact, (P×C)com is also compact by the continuity of
the mapping I ∋ I 7→ {{I∗i (1l)},
∑
i Ii} ∈ P× C. Hence,
we can use the duality theory of optimization problems,
and obtain an equivalent formulation of the robustness.
We present the proof in the Appendix.
Lemma 2. For any pair of a measurement and a channel
{M,Λ} ∈ P(Ω,H)×C(H,K), the robustness of measure-
ment and channel incompatibility RMC({M,Λ}) can be
expressed as follows:
RMC({M,Λ}) = max
{Ai},B
∑
i
Tr[AiMi] + Tr[BJΛ]− 1
s.t. Ai ≥ 0 ∀i, B ≥ 0,∑
i
Tr[AiNi] + Tr[BJΦ] ≤ 1 ∀{N,Φ} ∈ (P× C)com.
(17)
where {Ai} are operators on H and B is an operator on
K ⊗H.
We consider the state discrimination that Bob prepares
two different ensembles A = {p(x), Ex}
2
x=1 on the ex-
tended Hilbert space H ⊗ H and Alice has access to a
pair of a measurement and a channel {M,Λ} ∈ P(Ω,H)×
C(H,K) as well as a single measurement L ∈ P(Ω,K⊗H).
If she receives the value x = 1, she performs the mea-
surement M⊗ 1l, and if she receives the value x = 2, she
performs the preprocessing Λ ⊗ id and subsequently the
measurement L. The average success probability is then
given by
Psucc(A ,L, {M⊗ 1l,Λ⊗ id})
=
∑
i
p(1)p(i|1)Tr[ρi|1Mi ⊗ 1l]
+
∑
i
p(2)p(i|2)Tr[(Λ⊗ id)(ρi|2)Li]. (18)
In this setting, we show that a similar relation to Eq.(5)
and Theorem 1 holds for incompatibility of measurement
and channel.
Theorem 2. For any pair of a measurement and a chan-
nel {M,Λ} ∈ P(Ω,H)× C(H,K), the robustness of mea-
surement and channel incompatibility quantifies the max-
imum advantage:
max
A ,L
Psucc(A ,L, {M⊗ 1l,Λ⊗ id})
max
{N,Φ}∈(P×C)com
Psucc(A ,L, {N⊗ 1l,Φ⊗ id})
= 1 +RMC({M,Λ}), (19)
where the maximization is over all ensembles of states
A and all measurements L.
Proof. In the same way as Theorem 1, it holds that
Psucc(A ,L, {M⊗ 1l,Λ⊗ id})
≤ (1 +RMC({M,Λ}))
× max
{N,Φ}∈(P×C)com
Psucc(A ,L, {N⊗ 1l,Φ⊗ id}). (20)
In order to prove the converse, we choose the ensembles
A and the measurement L as follows:
ρi|1 =
Ai
Tr[Ai]
⊗ σi, p(i|1) =
Tr[Ai]∑
iTr[Ai]
ρ1|2 = |Ψ+〉〈Ψ+|, ρi|2 : arbitrary (i = 2, · · · , o)
p(1|2) = 1, p(i|2) = 0 (i = 2, · · · , o)
p(1) =
∑
iTr[Ai]∑
i Tr[Ai] + ‖B‖
, p(2) =
‖B‖∑
iTr[Ai] + ‖B‖
L1 =
B
‖B‖
, L2 = 1l−
B
‖B‖
, Li = 0 (i = 3, · · · , o), (21)
where {{Ai}, B} is the optimal solution for Eq.(17), and
σi is an arbitrary state for all i. For this choice, it holds
that
Psucc(A ,L, {M⊗ 1l,Λ⊗ id})
max
{N,Φ}∈(P×C)com
Psucc(A ,L, {N⊗ 1l,Φ⊗ id})
=
∑
i Tr[AiMi] + Tr[BJΛ]
max
{N,Φ}∈(P×C)com
∑
i
Tr[AiNi] + Tr[BJΦ]
≥ 1 +RMC({M,Λ}), (22)
where the inequality follows from Lemma2.
Thus, incompatibility of measurement and channel also
has an operational interpretation in terms of state dis-
crimination, that is, every incompatible pair of a mea-
surement and a channel provides an advantage in a
state discrimination task with two different ensembles of
states.
C. quantum-to-classical channels and robustness of
incompatibility
Let us finally show that the robustness of measure-
ment incompatibility and the robustness of measurement
and channel incompatibility are obtained as special cases
from the robustness of channel incompatibility. We can
regard a measurement M as a special kind of channel via
a quantum-to-classical channel ΓM defined as
ΓM(ρ) =
∑
i
Tr[ρMi]|i〉〈i|, (23)
where {|i〉} is an orthonormal basis for the output Hilbert
space K.
It can be shown that measurements {Mx} are compat-
ible if and only if the corresponding quantum-to-classical
5channels {ΓMx} are compatible [19]. Hence, we expect
that the degree of incompatibility for {Mx} is also equiv-
alent to the degree of incompatibility for {ΓMx}. We
prove that this is the case.
Proposition 1. For any collection of measurements
{Mx} ∈ P
n(Ω,H), the robustness of measurement in-
compatibility for {Mx} is equal to the robustness of chan-
nel incompatibility for the corresponding quantum-to-
classical channels {ΓMx}:
RM ({Mx}) = RC({ΓMx}). (24)
Proof. Since the mapping Mx 7→ ΓMx is affine, the com-
patibility of
{
Mx+sM
′
x
1+s
}
leads to the compatibility of{
ΓMx+sΓM′x
1+s
}
. Hence, we have
RM ({Mx}) ≥ RC({ΓMx}). (25)
In order to prove the converse, we suppose {Φx} ={
ΓMx+sΛx
1+s
}
are compatible. Then, it holds that
Tr[ΓMx(ρ)Ni|x] ≤ (1 + s)Tr[Φx(ρ)Ni|x] (26)
for all ρ, {Nx}, x and i. By taking the measurements
{Nx} as Ni|x = |i〉〈i| for all i and x, we have
Tr[ρMi|x] ≤ (1 + s)Tr[ρΦ
∗
x(|i〉〈i|)] ∀ i, x, ρ, (27)
that is,
Mi|x ≤ (1 + s)Φ
∗
x(|i〉〈i|) ∀ i, x. (28)
The measurements {Φ∗x(Nx)} are compatible due to the
compatibility of {Φx} [19]. By defining measurements
{M′x} as
M ′i|x =
(1 + s)Φ∗x(|i〉〈i|)−Mi|x
s
∀ i, x, (29)
{Φ∗x(Nx)} can be written as
{
Mx+sM
′
x
1+s
}
. Therefore, we
get
RM ({Mx}) ≤ RC({ΓMx}). (30)
Hence, Theorem 1 can not only become a witness
of measurement incompatibility but also quantify pre-
cisely the robustness of measurement incompatibility via
quantum-to-classical channels.
It can also be shown that a measurement M and a
channel Λ are compatible if and only if the corresponding
quantum-to-classical channel ΓM and Λ are compatible
[19].
Proposition 2. For any pair of a measurement and a
channel {M,Λ} ∈ P(Ω,H) × C(H,K), the robustness
of measurement and channel incompatibility for {M,Λ}
is equal to the robustness of channel incompatibility for
{ΓM,Λ}:
RMC({M,Λ}) = RC({ΓM,Λ}). (31)
Proof. In the same way as Proposition 1, we have
RMC({M,Λ}) ≥ RC({ΓM,Λ}). (32)
We suppose {Φ1,Φ2} =
{
ΓM+sΦ
′
1+s ,
Λ+sΛ′
1+s
}
are compati-
ble. Then, as with Proposition 1, it holds that
Mi ≤ (1 + s)Φ
∗
1(|i〉〈i|) ∀ i. (33)
Let Φ be a joint channel of Φ1 and Φ2. We define an
instrument {Ii} as
I∗i (A) = Φ
∗(|i〉〈i| ⊗A) ∀ i. (34)
Then
I∗i (1l) = Φ
∗
1(|i〉〈i|),
∑
i
I∗i (A) = Φ
∗
2(A) ∀ i, A, (35)
hence, {Φ∗1(|i〉〈i|)} and Φ2 are compatible. By defining a
measurement M′ as
M ′i =
(1 + s)Φ∗1(|i〉〈i|)−Mi
s
∀ i, (36)
{Φ∗1(|i〉〈i|)} can be written as
M+sM′
1+s . Therefore, we get
RMC({M,Λ}) ≤ RC({ΓM,Λ}). (37)
According to Proposition 1 and Proposition 2, we can
see that Theorem 1 includes incompatibility of measure-
ments and incompatibility of measurement and channel
as special cases.
IV. CONCLUSIONS
In this paper, we have shown that the robustness of
channel incompatibility exactly quantifies the maximum
advantage in a state discrimination task with multiple
ensembles of states as with the robustness of measure-
ment incompatibility. This shows that every collection
of incompatible channels can be more useful than com-
patible ones. We have also proven that a similar relation
holds for the robustness of measurement and channel in-
compatibility. Therefore, it has been shown that every
kind of quantum incompatibility is operationally charac-
terized by quantum state discrimination. This enables
us to see quantum incompatibility as a kind of useful
resource.
NOTE ADDED
Recently, we have become aware of independent works
related to our Theorem 1 by R. Uola et al. [22] and by
C. Carmeli et al. [23].
6Appendix A: proof of Lemma 1
From Eq.(8),
RC({Λx}) =min s
s.t. JΛx ≤ (1 + s)JΦx ∀x,
{JΦx} ∈ J
n
com(K ⊗H). (A1)
By defining {J˜Φx} with J˜Φx := (1 + s)JΦx and using
Tr[JΦx ] = 1, RC({Λx}) can be equivalently written as
RC({Λx}) =min
∑
x
Tr[J˜Φx ]
n
− 1
s.t. JΛx ≤ J˜Φx ∀x,
{J˜Φx} ∈ cone
(
J ncom(K ⊗H)
)
, (A2)
where cone
(
J ncom(K ⊗ H)
)
is the cone generated by
J ncom(K ⊗ H). Since J
n
com(K ⊗ H) is compact,
cone
(
J ncom(K ⊗H)
)
is closed. Therefore, we can use the
conic programming. Define the Lagrangian associated to
this optimization problem
L =
∑
x
Tr[J˜Φx ]
n
− 1
−
∑
x
Tr[Ax(J˜Φx − JΛx)]−
∑
x
Tr[BxJ˜Φx ]
=
∑
x
Tr[AxJΛx ]− 1 +
∑
x
Tr
[(
1l
n
−Ax −Bx
)
J˜Φx
]
,
(A3)
where Ax is positive semidefinite for all x and {Bx} is
the element of the dual cone of cone
(
J ncom(K⊗H)
)
. The
Lagrangian becomes independent of the primal variables
if we restrict to dual variables that satisfy Ax+Bx = 1l/n
for all x. Therefore, the dual form of Eq.(A2) becomes
max
{Ax}
∑
x
Tr[AxJΛx ]− 1
s.t. Ax ≥ 0 ∀x,∑
x
Tr[AxJΦx ] ≤ 1 ∀{Φx} ∈ C
n
com(H,K). (A4)
The second constraint of Eq.(A4) follows from∑
x Tr[BxJΦx ] ≥ 0 for all {JΦx} ∈ J
n
com(K ⊗ H).
The optimal values of the primal and the dual form co-
incide if strong duality holds. This is satisfied if Eq.(A2)
is finite and satisfies Slater’s condition. It is clear that
Eq.(A2) is finite because the robustness is finite. We
define {Φx} ∈ C
n(H,K) as Φx(·) = 1lK/d
′, where d′ is
the dimension of K. {Φx} are obviously compatible. The
corresponding Choi matrices are given by JΦx = 1l/dd
′.
Therefore, {JΦx} can be multiplied by a sufficiently
large positive number to be the strictly feasible point of
the first constraint of Eq.(A2). Moreover, {JΦx} is the
interior point of cone
(
J ncom(K⊗H)
)
. Hence, the optimal
values of both problems coincide.
Appendix B: proof of Lemma 2
The proof is the same as Lemma1. That is, by using
the conic programming, we can obtain the dual problem
Eq.(17). To fulfill Slater’s condition, we may take the
point N = {p(i)1l} and Φ(·) = 1lK/d
′, where p(i) is the
probability distribution. They are obviously compatible.
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